The spin-1 2 delta-chain (sawtooth chain) with antiferromagnetic Heisenberg basal chain and Ising apical-basal interactions is studied. The basal-apical interactions involve the bond alternation. The limiting cases of the model include the symmetrical delta-chain and the antiferromagnetic chain in the staggered magnetic field. We study ground state properties of the model by the exact diagonalization and density matrix renormalization group methods. The ground state phase diagram as a function of the bond alternation consists of magnetic and various non-magnetic phases.
delta-chain can be extended to a model including bond alternation, when J 2 = J 3 . The competition between frustration and bond alternation is of another physical interest.
The Hamiltonian of the model has a form
where we use the parametrization J 1 = 1, J 2 = −g and J 3 = −gγ with g > 0 and 0 ≤ γ ≤ 1.
By now not much is known about the ground state properties of this model. The studies of model (1) without the bond alternation (γ = 1) [13] show that the ground state is ferromagntic for g > 2. It is supposed [13] that it is ferrimagnetic for g < 2, though there is no analytical proof and numerical calculations do not give reliable prediction due to strong finite size effects. The critical point g = 2 separates two phases and the ground state in this point is macroscopically degenerate [14] .
The model with bond alternation on delta chain (1) was not studied before. It can be shown that the ferromagnetic ground state is stable for the model with bond alternation (1) in the region g > g 0 (γ) with g 0 = 1 + 1 γ
. That is the critical point g = 2 extends
into the transition line g 0 (γ) (with the same total number of degenerate states). The analytical study of the ground state properties of the model (1) for 0 < γ < 1 and g < g 0
is very complicated problem and numerical calculations meet similar problems as for the symmetric γ = 1 case. From this point of view it is useful to consider more simple model preserving main qualitative features of the initial model. The simplification consists in the replacement of some Heisenberg interactions with the Ising terms. We take such replacement for basal-apical interactions. As a result, model (1) reduces to the spin- 
In this paper, we report results of our numerical calculations of the ground state and the low energy excitations of Hamiltonian (2) using the exact diagonalization (ED) of finite chains and the density matrix renormalization group (DMRG) method.
The paper is organized as follows. In Section II we reduce model (2) to AF chain in non-uniform magnetic field. Two special cases of model (2): symmetric case γ = 1 and the case γ = 0 are studied in Section III and Section IV, respectively. In Section V the ground state phase diagram of model (2) is constructed. In Section VI we give a summary of our results.
II. ISING INTERACTION AS MAGNETIC FIELD.
According to Eq.(2) the considered model is the antiferromagnetic (AF) basal spin- . Depending on the configuration of two adjacent apical spins the local magnetic field can be h i = ±h uf or h i = ±h st where
Generally, in order to find the ground state of model (2) one needs to go through the following three steps: 1) to take definite configuration of the apical spin subsystem, 2) then to calculate the ground state energy of the AF chain in the induced magnetic field and, finally, 3) to choose the spin configuration of the apical spin subsystem which provides the lowest energy. We name such configuration as an optimal one. Obviously, it is impossible to examine all 2 N configurations of the apical spins. Therefore, we need to choose and study the most important classes of the apical spin configurations. Our numerical calculations indicate that the optimal apical configuration depends on both the basal-apical interaction g and the bond-alternation parameter γ. But for any parameters g and γ it is either ferromagnetic one or it belongs to the class of periodic arrangement of the up and down apical spins.
The ferromagnetic apical spin configuration with 
The periodic apical configurations are obviously non-magnetic ones (S z = 0) and can not induce magnetization of the basal subsystem. Therefore, the periodic apical configurations produce non-magnetic states L z = 0 independent of the period length.
As a function of γ model (2) interpolates between the symmetric delta-chain at γ = 1 and the AF chain in a staggered field at γ = 0. The properties of the model are essentially different in these limiting cases. Therefore, we study these special cases separately before the constructing of the ground state phase diagram of model (2) in the general case. ) is
where E 0 (σ) is the energy of the ground state of the AF chain in the spin sector σ z = Nσ.
The lowest energy of the AF chain in the uniform field h uf = g is reached for σ = σ 0 and the value σ 0 (g) is determined by the condition
and can be found from the solution of the Bethe-ansatz equations. The energy E(σ) of the state in the uniform field h uf = g with σ = σ 0 we denote as E uf . The total spin of this state
Model (2) with the periodic configurations of the apical spins is the AF chain in a mod-
with a period l = 2π/q. The exact solution of the AF Heisenberg chain in a modulated magnetic field is unknown generally and therefore we employ numerical calculations. These calculations show that in the periodical magnetic field with S z = 0 the spin of the lowest state of (2) is L z = 0. Therefore, we wait that the ground state spin of model (2) at given
Let us consider the dependence of the energy on the periodicity of the field, E(l). If l = 2 is
where
) and q = 2π/l.
The exact expression for χ(q) is unknown and the approximation for χ(q) is proposed in [15] which is
Eq. (8) gives qualitatively correct dependence of χ(q). Energy (7) 
There are N such states and their total spin is L z = 0.
As it is seen in Fig.3 the energy in the field (9) E l=N is higher than the energy E uf . Really the latter is the lowest energy at given g and the ground state spin is However, the energy of the state with L z = 0 in the field (9) approaches to that in the uniform field at N → ∞. It is not surprising because the local magnetization σ z n in one half of the basal system is σ 0 and in another one is (−σ 0 ) at N ≫ 1. But the energy of this state is still higher than the ground state energy due to the presence of two domain walls ('kinks'), where the magnetic field (9) is zero. The kink energy E kink is a half of the difference between the energy E l=N in the field (9) and the energy E uf in the uniform field h uf = g. Therefore, E l=N = E uf + 2E kink . The dependence of the kink energy E kink on g obtained by the numerical calculations is shown in Fig.4 for g < 2. As follows from Fig.4 the kink energy tends to zero when g → 0, because in this limit model (2) the configuration of the apical spins corresponds to the staggered field with h n = ± (−1) n 2 g and such configuration is optimal for all values of g. For example, the ground state energy E st in the staggered field for g ≪ 1 is proportional to −g 4/3 rather than to −g 2 as for the model in the uniform or periodic field with l > 2. For g ≫ 1 the energy as a function of the periodicity of the field l can be calculated analytically:
and it is minimal for the staggered configuration (l = 2).
V. THE GROUND STATE PHASE DIAGRAM FOR 0 < γ < 1
As follows from the above the optimal apical configuration and corresponding magnetic field acting on the AF chain depends on bond alternation. For γ = 1 this field is uniform and the ground state is ferro-or ferrimagnetic depending on whether g > 2 or g < 2 and the total ground state spin L z = 0. But for γ = 0 the optimal magnetic field is staggered and L z = 0. Therefore, the transition between magnetic (L z = 0) and non-magnetic (L z = 0) ground state phases occur somewhere in the region 0 < γ < 1.
In order to obtain a qualitative representation of the phase diagram in (γ, g) plane at first we consider the XX variant of model (2) with the Hamiltonian
(σ
The XX model in the periodic magnetic field with period l can be diagonalized through the Jordan-Wigner transformation and by the construction of l reduced Brilluene zones. We omit technical details and represent the ground state phase diagram of Eq. (11) For example, the region of the existence of the non-magnetic phase for the XX model is shifted from 0 < γ < 1 to 0 < γ < 0.5 in comparison with that for the AF model. Now we discuss the ground state phase diagrams of the AF model shown in Fig.7 . For brevity we will refer the ground state phase in the optimal periodical field with period l as the l-phase. For example, if the optimal field is staggered the ground state phase is the staggered one or the (l = 2) phase. The ground state phases for which the optimal field is uniform are ferromagnetic (fully polarized) or ferrimagnetic (partly polarized) ones. This and h uf = 2. The ferrimagnetic phase is gapless up to the PT line and the ferromagnetic phase is gapped. The first excited state in the F phase is in the total spin sector L z = N −1 as long as 2E kink > (h uf −2) (the kink in the ferromagnetic phase is defined exactly as for the ferrimagnetic phase) or in the sector L z = 0 if 2E kink < (h uf − 2). The gap between the first excited state and the ground state is ∆E = (h uf − 2) or ∆E = 2E kink , respectively. The line where E kink = 0 (dashed line in Fig.7 ) intersects the PT line and these two lines form the boundary of the ferromagnetic phase. The form of this transition line at g ≪ 1 can be estimated as follows. For g ≪ 1 the ground state energy E uf in the ferrimagnetic phase is
But the ground state energy in the staggered field (l = 2) is proportional to [g(1 − γ)]
4/3
and the transition between the staggered and the ferrimagnetic phases occurs at γ close to 1. The value of γ at which the ground state energies in the uniform and the staggered fields coincide with each other can be obtained using the known results [19] about the dependence of the ground state energy in the staggered field E st on h st at h st ≪ 1. According to [19] E st − E 0 (0) ≃ −0.29Nh
The ground state of model (2) Generally, all phases excluding the ferrimagnetic phase are gapped.
VI. SUMMARY
We have carried out numerical calculations to study the ground state and the energy gap in the Heisenberg-Ising delta-chain. The replacement of the Heisenberg basal-apical interactions by the Ising ones leads to the spin- 1 2 AF Heisenberg chain in the external magnetic field depending on the apical spin configuration. We show that the ground state of this model has been reached in the uniform or periodic apical spin configuration. However, the energy gap can be induced by the apical spin configurations different from those leading to the ground state. We study the bond-alternation effect on the ground state phase diagram.
For the symmetric Heisenberg-Ising delta-chain the ground state is ferro-or ferrimagnetic.
The bond alternation leads to a cascade of the phase transitions between the uniform and the staggered ground states.
Though we considered the model with the ferromagnetic basal-apical interaction, the properties of the model with the antiferromagnetic interactions are the same because the model is invariant under simultaneous change of sign of the interaction and the substitution The numerical calculations were carried out with use of the ALPS libraries [20] .
